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EVOLUTION OF THE CONJUGATE ACTION LAW:
FOR GEAR DRIVES AND GEAR-CUTTING PROCESSES

A significant volume of precision gears is machined and finished on gear generators. During
gear generating operations, a mandatory requirement is the fulfillment of a set of three fundamental
laws of gearing [2]. Developed within the framework of theory of gearing [4], this set of three
fundamental laws of gearing is utilized to refine the processes of gear manufacturing and finishing.

The aforementioned set of three fundamental laws of gearing includes:

1. The Law of Contact, formulated by Franz Reuleaux (in the mid-19th century) and
mathematically described by Professor V.A. Shishkov (in the latter half of the 1940s);

2. The Conjugate Action Law (discussed in greater detail later in the text);

3. The Law of Equal Base Pitches [4].

Let’s focus our attention here to the Conjugate Action Law [4], which is often referred to as the
second fundamental law of gearing.

1. The Conjugate
Action Law for parallel-

axis gearing (Pg—

gearing). Two gears
with parallel axes of
rotation, Og and Oy, are
schematically shown in
Fig. 1.

The line of action,
LA, is a straight line
passing through the
pitch point, P. The path
of contact, Pc, is also a
straight line passing
through the pitch point,
P. These straight lines,
LA and Pc, coincide
with each other if the mating gears are conjugate. These straight lines, LA and Pc, are stationary,
and their configuration relative to the gearbox housing remains unchanged. This constitutes the
essence of the Conjugate Action Law for gear drives with parallel axes. The involute gearing
proposed by Leonhard Euler (circa 1760) —also known as Euler gearing or, simply Eu — gearing
—is the only type of conjugate gearing operating on parallel axes of rotation.

The Conjugate Action Law for gear drives with parallel axes, discussed herein, is commonly
referred to as the Camus-Euler-Savary fundamental law of gearing (or just the CES —fundamental
law of gearing, for brevity). [In the past, the Conjugate Action Law for gear drives with parallel
axes was termed Willis’s theorem of Gearing; however, this designation is incorrect, as Robert
Willis made no contribution to this fundamental law of gearing [1, 5]. He merely actively

Fig. 1 — The Conjugate Action Law for gear drives with parallel axes.
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disseminated this law of gearing, which had
been known long before the commencement
of R. Willis’s scientific career].

2.The Conjugate Action Law for
intersected-axis gearing (la — gearing). The
plane of action, PA, in a gear drive with
intersecting axes of rotation, Og and Oy, is
shown in Fig. 2. Consider an arbitrary line of
contact, LCinst, between the gear, ., and
mating pinion, 27’ tooth flanks. The
instantaneous line of action, LAinst, IS a
straight line lying within the plane of action,
PA, passing through each point, M, of the
line of contact, LCinst, and intersecting the

axis of instantaneous rotation, P,.

Fig. 2 — The Conjugate Action Law for gear

drives with intersecting axes of rotation. Grant’s gearing (1889) -~ or, simply Gr -

gearing — is the only type of conjugate
gearing operating on intersecting axes of
rotation, Og and Op.

See [2] for details regarding the
contribution of G. Grant and S.P. Radzevich
to the development of the Conjugate Action
Law in intersected-axis gear drives (in la —
gearing).

3. The Conjugate Action Law for crossed-
axis gearing (Ca—gearing). The diagram
presented in Fig. 3 is used to illustrate the key
features of the Conjugate Action Law for
Ca — gearing. C s the closest distance of
approach of the axes, Og and Op. The line of
contact, LCinst, between the gear, ., and its

mating pinion, 2", tooth flanks is shown for
an arbitrary configuration of gears in the gear
drive. The instantaneous line of action, LAinst,
is a straight line lying within the plane of
action, PA, passing through each point, m, of the line of contact, LCinst, and intersecting the axis
of instantaneous rotation, Pih.

The gearing system developed by S.P. Radzevich (circa 2008) represents the sole type of
conjugate gearing operating on crossing axes of rotation. Gearing of this type is customarily
referred to as R —gearing.

Gearing of all three types — namely: (a) involute gearing ( Eu — gearing), (b) Grant gearing (
Gr —gearing), and (c) R—gearing — are geometrically-accurate gearing. This means that only
gearing of these three types are capable of ensuring the smooth transmission of input rotational
motion. The corresponding methods of gear machining and finishing are discussed in [3].

Fig. 3 — The Conjugate Action Law for gear
drives with crossing axes of rotation.
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EFFECT OF GROOVE SHAPE AND ORIENTATION ON VISCOUS FRICTION IN
SURFACE-TEXTURED HYDROSTATIC JOURNAL BEARINGS

Oil-lubricated hydrostatic journal bearings are widely used in ultra-precision spindles due to
their high stiffness and load-carrying capacity [1]. Viscous friction in the bearing lands is a
significant source of power loss, and surface microtexture offers a practical route to reduce it [2].
This study investigates groove geometry effects by steady laminar CFD (ANSYS Fluent) in a
journal oil-lubricated hydrostatic bearing. The lands are split into circumferential lands (D1, pure
Couette) and axial lands (D2, Couette—Poiseuille, pressure drop is 1 MPa over 5 mm). Rectangular
baseline grooves have a depth of 10 um, and a width spacing between adjacent grooves of 25 pm.

The first variant replaces the rectangular cross-section with a triangular (V-shaped) profile of
equal depth and width. Area-averaged wall shear stress (WSS) on the moving wall increases by
30.9% for D1 transverse (WSS =3452 vs. 2637 Pa for rectangular) and by 29.3% for D2
streamwise (WSS =4659 vs. 3602 Pa). Full-bearing power loss is only 16.7% below the smooth
baseline (424 W vs. 509 W), against 32.2% for rectangular straight grooves (345 W). The V-shape
eliminates the flat groove floor required for a stable lid-driven cavity vortex. In a rectangular
groove, the flat floor keeps the shear transmission factor at k =0.146 (D1 transverse), whereas the
V-shape forces convergent flow to the apex and prevents vortex formation.

The second variant retains the rectangular cross-section but applies a zigzag orientation on D2,
with grooves alternating direction at a fixed angle. Area-averaged WSS on the textured strip drops
to 3376 Pa - 6.3% below straight streamwise and 40.1% below smooth - with a mass flow rate
of 1.871 x 10* kg/s.

Two conclusions are given as follows. First, groove cross-section is critical: the flat floor of a
rectangular groove is essential for vortex stability, and V-shaped profiles yield less than half the
friction reduction of rectangular ones (16.7% vs. 32.2%). Second, zigzag orientation on axial lands
adds only 2.3 % friction reduction over straight streamwise grooves. The combined optimum is a
transverse rectangular on circumferential lands and a zigzag rectangular on axial lands, achieving
34.5% total power loss reduction over the smooth reference.
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